We compute non-perturbatively the renormalization constants of quark bilinears on the lattice in the quenched approximation at three values of the coupling β = 6/g 2 0 = 6.0, 6.2, 6.4 using both the Wilson and the tree-level improved SW-Clover fermion action. We perform a Renormalization Group analysis at the next-to-next-to-leading order and compute Renormalization Group invariant values for the constants. The results are applied to obtain a fully non-perturbative estimate of the vector and pseudoscalar decay constants.
Introduction
Lattice QCD is an unique tool to compute non-perturbatively from first principles the mass spectrum, leptonic decay constants and in general hadronic matrix elements of local operators. Renormalization constants, relating the operators on the lattice to the continuum are necessary to extract physical informations from Monte Carlo simulations. In this paper we study the renormalization properties of composite bilinear operators [1, 2] with the quark action discretized a lá Wilson.
In principle, the renormalization of quark bilinears can be computed in oneloop perturbation theory, as there are no power divergences [3, 4] . It is well known, though, that lattice perturbation theory is ill behaved, due to the presence of tadpole-like diagrams [5, 6] and at values of the coupling β = 6/g 2 0 = 6.0 − 6.4, the higher-order corrections may not be small, thus introducing a large uncertainty in the calculation of the renormalized matrix elements in some continuum scheme. These problems are avoided using non-perturbative (NP) renormalization techniques [7, 8] . The procedure proposed in [7] allows a full non-perturbative computation of the matrix elements of composite operators in the Regularization Independent (RI) scheme [7, 9] . The matching between the RI scheme and MS, which is intrinsically perturbative, is computed using only continuum perturbation theory, which is well behaved. This method has been shown to be quite successful in reproducing results obtained by other methods, such as chiral Ward Identities [10] . Quite impressive is also the influence of the NP renormalization in the measurement of the quark masses [11] , the chiral condensate [12] and, for four-fermion operators, in the restoration of the correct chiral behaviour of the B-parameters in weak decays [13] [14] [15] . Moreover, any attempt to tackle the question of the ∆I = 1/2 rule must rely on NP methods [16] .
improvement is the direction of future, it is true that Wilson and tree-level Clover actions are still widely used, e.g. for four-fermion operators relevant to weak decays (cf. for example ref. [22] and references therein). Moreover, the study of the renormalization properties in the chiral limit with an unimproved and partially improved action will provide further insight for the discretization effects in lattice QCD.
The outline of this paper is as follows. In sec. 2 we review the non-perturbative method (NPM) proposed in ref. [7] and set the notation for the remainder of this work. The Renormalization Group (RG) analysis of the quark bilinears is outlined in sec. 3, while in sec. 4 we present the numerical results for the renormalization constants and discuss the systematic errors. In sec. 5 we apply these results to the the computation of the leptonic decay constants of the vector and pseudoscalar mesons. We finish with our conclusions in sec. 6.
Non-perturbative renormalization method
In this section we review the method of ref. [7] , which we have used to compute non-perturbatively the renormalization constants of quark bilinears in the Regulatization Independent (RI) scheme [9] . The method imposes renormalization conditions non-perturbatively, directly on quark and gluon Green functions, in a fixed gauge, with given off-shell external states of large virtuality. Notice that in RI the renormalization conditions are independent of the regularization scheme but they depend on the external states and on the gauge used in the procedure.
The renormalization scale µ 2 , determined from the virtuality of the external states p 2 , must satisfy the condition Λ QCD ≪ µ ≪ O(1/a), see [7] .
We have worked in the lattice Landau gauge, defined by minimizing the functional
The necessity to fix the gauge introduces a systematic uncertainty due to the existence of both continuum and lattice Gribov copies [24] and the numerical noise that they can generate. These effects are expected to die off at large virtuality and on the renormalization of two-quark operators have been found to be small, comparable to the statistical noise [23] . We are making the assumption that the Landau lattice gauge-fixing procedure brings gauge fixed lattice operators into the corresponding continuum ones as a → 0 [25] .
Let us consider a local lattice quark bilinear O Γ =qΓq, where Γ is a Dirac matrix 1 . The renormalization condition is imposed on the amputated Green function computed between off-shell quark states of momentum p in the Landau gauge
where G Γ (pa) and S q (pa) are the non-amputated Green function and quark propagator, calculated non-perturbatively via Monte Carlo simulations [7] . The renormalization constant Z RI Γ (µa, g 0 ) of O Γ , in the RI scheme, is determined by the condition
and the renormalized operator is related to the bare one byÔ
In eq. (3) I P Γ is a suitable projector on the tree-level amputated Green function. In the case of the quark bilinears the projector is simply proportional to Γ † . Z q is the wave function renormalization which can be defined from the Ward Identity (WI) as [7] Z q (µa) = −i 1 12 T r ∂S(pa)
To avoid derivatives with respect to a discrete variable, we have used
which, in the Landau Gauge, differs from Z q by a finite term of order α 2 s . The matching coefficient can be computed using continuum perturbation theory only, and up to order α 
with, in the Landau gauge,
1 In the following, we shall denote with Γ = A, V, P, S the axial and vector currents and the pseudoscalar and scalar densities.
where N c is the number of colours and n f the number of active quarks. Eqs. (3) and (5) 
which satisfy the Ward identities at the NNLO. The matching between RI and MS, NDR requires continuum perturbation theory only [7, 9] . Since both RI and MS, NDR respect chirality and the renormalized operators with the correct chiral behaviour are unique, we have Z
where Z m is the quark mass renormalization. In ref. (9) one can compute at the same order the matching coefficients of the scalar and pseudoscalar densities
where Γ = P, S and in the Landau gauge,
where ζ 3 = 1.20206 . . .. The dependence on the gauge and the external states of the RI scheme will cancel with the corresponding dependence of the matching coefficients in eq. (10), up to higher orders in continuum perturbative expansion and up to discretization errors.
Renormalization Group Analysis
The RGE expresses a general property of the Green's functions of a renormalized theory and therefore they are valid non-perturbatively. To study the RG properties of bilinears we work in the MS scheme and in the Landau gauge.
The generic, forward, renormalized two-point Green's function, computed between quark states of virtuality p 2 obeys the RGE
where the QCD β-function and the anomalous dimension of the renormalized operatorÔ Γ are gauge invariant to all orders in perturbation theory and are defined as:
In a continuum regularization which respects chirality the axial and vector currents do not get renormalized, i.e. Z A = Z V = 1, as can be easily shown through the Ward Identities that they satisfy. Since m(µ)P (µ), with P (µ) the pseudoscalar density, is renormalization group invariant, the scalar and pseudoscalar densities have renormalization constants which obey Z S = Z P = 1/Z m 2 . Therefore one can express the anomalous dimension γ Γ of bilinear operators as a function of γ m :
To solve the RGE's in the NNLO approximation, the expansions of the β function and anomalous dimension up to three loops is required.
The running of the coupling constant α MS s is given by
where
For the continuum MS scale parameter Λ MS QCD at the NNLO, in the quenched approximation, we have used Λ MS QCD = 0.251 ± 0.021 GeV [20] . The QCD β-function is scheme independent only up to two 2 We stress that we are studying the RGE evolution in a continuum renormalization scheme.
loops. The additional term of the expansion has been computed in the MS scheme in [27] :
The mass anomalous dimension in the MS scheme up to three loops is given by [28, 29] :
where ζ is the Riemann zeta function.
The evolution of the renormalized bilinear operators is determined by eqs. (12) and (16) . The solution can be expressed in the MS scheme in the form [30] 
Γ / (2β 0 ). By using the eqs. (9) and (19) , the evolution of the bilinear quark operators at the NNLO in the RI scheme becomeŝ
Eqs. (21) and (22) define the evolution at NNLO in the RI scheme of the renormalization constants with the scale µ. In order to compare with the numerical NP results we define a Renormalization Group Invariant (RGI) constant as
takes into account the mismatch between Z q and Z ′ q , cf. eq (6). Up to higher order terms in continuum perturbation theory and up to discretization errors, Z RGI Γ (a) should be independent of µ, in the region in which perturbation theory is valid, i.e. µ ∼ > 2 GeV, independent of the renormalization scheme, of the external states and gauge invariant. Being the continuum evolution already at NNLO, we assume any scale dependence to be dominated by discretization effects. As an estimate of this systematic error we will take the semidispersion of the values of the renormalization constants in the perturbative region.
Non-perturbative renormalization constants
The renormalization constants for the bilinears presented in this paper are obtained at three different gauge couplings g 2 0 , corresponding to β = 6/g 2 0 = 6.0, 6.2 and 6.4 using both the standard Wilson action and the tree-level improved SW-Clover fermion action [17] 3 . A summary of the parameters used Table 1 Summary of parameters used in the non-perturbative calculation of the renormalization constants.
in the NP calculation of the renormalization constants is presented in tab. 1. The errors have been obtained with the jacknife method, decimating 10 configurations at a time. The lattice scale a −1 for the different couplings has been determined from M K * [34] and is shown in tab. 5.
Axial and vector currents
Let us consider first the axial and vector currents. Since each obeys a chiral Ward Identity [1] their renormalization constants are finite, i.e. scale independent. In figs. 1 and 2 we show Z A and Z V , calculated in the RI scheme in the chiral limit for both the SW and Wilson actions, as a function of the renormalization scale µ. As explained in [7] , we expect to find a "window" in the range of values of µ in which the Z's are scale independent. Since at large values of µ the Z's will be more sensible to discretization errors, we expect the window to be wider as we approach the continuum.
We can clearly see that these expectations are satisfied by the data shown in figs. 1 and 2, and also reported in tabs. 2 and 3. For the axial and vector currents, the RGI values given in the tables are simply the values of the constants calculated at µa ≃ 1, since c ′ RI Γ (µ) for Z A and Z V is totally negligible in comparison with the final error. The first error is statistical, while the second is the systematic error estimated as the semidispersion of the values in the region in which we believe perturbation theory to be reliable, i.e. µ ∼ > 2 GeV. In the SW case, the axial current shows a more pronounced systematic effect compared to the vector current, reflected in a reduced stability in µ of the plots. In the Wilson case, on the other hand, it's the vector current that is more fluctuating in the scale µ. Moreover, as far the comparison between the SW and Wilson actions is concerned (at the same value of β), we note that for the axial current the Wilson action seems more stable than the SW one, while for the vector current it's the SW action which shows a more pronounced plateau.
In tab. 4 we also give the values of Z A and Z V determined from the WI's [2, 31, 32] . Caution should be used in comparing the values obtained from the NPM and the WI's as the latter are sometimes available only for finite values of the quark mass, but since the mass dependence is expected to be weak, it is still a significant check. The agreement between the NPM and the WI's is good for the axial current in the SW case, around µa ≈ 1, as already found in [7] . On the other hand, in the Wilson case the WI value at β = 6.0 is even larger than the NPM at β = 6.4, although the error quoted from the WI is so large (≈ 10%) that a significant comparison is not possible. For the vector current, we notice that in SW case the NP values are slightly higher than the WI although the discrepancy tends to diminish as β increases, whereas in the Wilson case, the comparison is more complicated. This is due to the well-know discretization errors which affect the hadronic matrix elements of the vector current, in particular of the conserved one [31] . We expect the values of Z A and Z V to approach unity as move towards the continuum limit and the coupling goes to zero. All the data obtained with the NPM support this conclusion.
In tab. 4 we also present the one-loop perturbative values [3, 4] , evaluated at µa = 1 in the RI scheme according to eq. (10). We present both Stardard PT (SPT), in which the bare coupling g 2 0 is used as the expansion parameter, and Boosted PT (BPT) in which the coupling used is [6] 
where 2 is the expectation value of the plaquette. In all the perturbative calculations, the effects coming from the discretization of loop integrals on a finite lattice have been ignored. As already emphasized in [7] , perturbation theory does not agree with the non-perturbative values, except in a number of limited cases, as the vector current. In the case of the pseudoscalar density, the failure is quite dramatic and has important phenomenological consequences on the determination of the quark masses and the quark condensate, as explained in refs. [11] . Moreover, compared to the NPM, the perturbative values show a less pronounced variation with the coupling. Thus, even if the agreement improves as we approach the continuum, the discrepancy remains sizable even at the smallest coupling.
The exploratory numerical calculations in [7] were carried out at β = 6.0 and a single value of the hopping parameter κ = 0.1425, corresponding to m q a ≃ 0.07. We have checked that the results are compatible with ours within statistical errors. We have chosen not to separate the time and space components of the currents as they agree within errors. It is worth noting that the sizable difference between the renormalization constants of the different components and the large fluctuations found in [7] at large values of µ 2 a 2 were not due to strong discretization effects, but to the choice of the external momenta. In fact, the components of the momenta p = (p 0 , p 1 , p 2 , p 3 ) were chosen with large differences among the p i 's, thus greatly enhancing the rotational symmetry breaking on the hypercubic lattice.
Recently, the non-perturbative method of ref. [7] has also been applied to the renormalization of bilinears in ref. [33] , in which "momentum" sources and sinks and translational invariance are used to reduce the statistical noise in the determination of the Z's. The method has been tested for Wilson fermions at β = 6.0, and the values of the Z's in the chiral limit calculated at µa ≃ 1 are Z A = 0.7807 (8) , Z V = 0.6822(7), Z P = 0.4357 (17) and Z S = 0.6808 (15) . The errors quoted are purely statistical and are much smaller than the systematic errors coming from the discretization effects, which are expected to be quite large in the Wilson case. With this in mind, we find that the agreement between the values of [33] and ours is resonable.
Pseudoscalar and scalar densities
The pseudoscalar and scalar densities differ from the axial and vector currents in that their renormalization is not finite but scale dependent. We show in figs. 3 and 4 the RGI values, computed according to eq. (23) . We stress that the RGI values are only reliable from values of µ ∼ > 2 GeV, i.e. when continuum perturbation theory is to be trusted. The RGI value in tabs. 2 and 3 has been calculated from µa ≃ 1. The systematic error is calculated in the same fashion as for the axial and vector currents. It is easily noticeable the difference in the behaviour of Z P and Z S as a function of µ. The former approaches a plateau only at relatively large values of µ, while the latter presents a very clear and long plateau. This behaviour, also reflected in a much larger systematic error for the pseudoscalar, does not depend on the choice of the action. (10) 0.590 ( 7) 1. Table 2 Non-perturbative values of Z RI Γ (m q = 0) with the SW action, for all couplings at several renormalization scales µ 2 a 2 . For the values at different scales the errors are statistical. The RGI values are computed from that one at µa ≃ 1 according to the eq. (23) and the first error is statistical, the second systematic as explained in text. While Z P and Z S cannot be determined separately by imposing a Ward Identity, their ratio Z P /Z S can as it is scale independent. For this reason it can be treated in a similar fashion to Z A and Z V and can be compared with the values obtained from the WI. In fig. 5 we show Z P /Z S as function of µ. As expected, the behaviour of the ratio is dominated by the behaviour of Z P and agreement with the WI determination seems to be obtained at rather high values of the renormalization scale, at which discretization effects should dominate. 
Meson decay constants
There are several interesting phenomenological quantities which can be extracted from the matrix elements of quark bilinears, such as leptonic decay constants and quark masses. The problem of a non-perturbative measurement of quark masses has been addressed in [11] to which we refer the reader for all details. A very interesting by-product of both quark masses and decay constants is the estimate of the chiral condensate, which is of great phenomenological relevance. The issue will be addressed in a forthcoming paper [12] , together with a detailed theoretical analysis.
In the remainder of this section, we concentrate on the determination of the leptonic decay constants of mesons. The pseudoscalar and vector decay constants, f P S and f V , are defined as 
where ǫ r i is the vector-meson polarization, M P S and M V are the pseudoscalar and vector masses, A 0 and V i the temporal and spatial components of the axial and vector currents respectively, and Z V,A the corresponding renormalization constants.
In tab. 5 we summarize the parameters used in the simulations. The bare lattice decay constants have been extracted from the appropriate correlation functions as described in ref. [34] , to which we refer for details. In tab. 6 and 7 we present the results for the decay constants, both the bare unrenormalized values in lattice units and the renormalized ones in physical units, obtained using the renormalization constants at µa ≃ 1. In the estimate of the error on renormalized decay constants we have neglected the errors on the renormalization constants. The non-perturbatively renormalized values and the experimental values present roughly a 10 − 15% discrepancy, which is to be expected, considering that we have performed all calculations in the quenched approximation. It is important, though, to note that compared to the values obtained with perturbative renormalization in ref. [34] , the values obtained with a non-perturbative renormalization are in general closer to the experimental results. We have not attempted an extrapolation to the continuum limit as the physical volume at the smallest coupling is too small to confidently extract hadronic matrix elements.
Conclusions
In this paper we have performed a systematic study of the renormalization of quark bilinears, in a non-perturbative fashion. We have also analyzed the discretization effects, by performing our calculations with two different actions, Table 5 Summary of the parameters used in the calculation of the matrix elements. Table 6 Lattice bare decay constants for all couplings and both actions. Table 7 Non-perturbatively renormalized decay constants (in GeV) for all couplings and both actions.
the standard Wilson action and the tree-level improved SW-Clover action, at three different values of the couplings. We have performed a RG analysis at the NNLO and defined RGI values for the scale dependent renormalization constants. We have also used this approach to estimate the systematic error induced by discretization. Finally, we have applied our results to the calculation of the pseudoscalar and vector decay constants and we find that the non-perturbatively renormalized values, albeit with still sizable statistical errors, show a trend towards the experimental values with respect to the ones obtained with perturbative renormalization. With our data an extrapolation to the continuum limit is not reliable as the physical volume at the smallest coupling is too small to confidently extract hadronic matrix elements.
